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Dynamic Coefficients 
A finite element perturbation approach to the prediction of foil bearing stiffness and 
damping coefficients is presented. The fluid lubricant is modeled as a simple baro-
tropic fluid which is described by the Reynolds equation. The structural model in-
cludes membrane, bending, and elastic foundation effects in a general geometry. The 
equivalent viscous damping of the Coulomb friction caused by the foil relative motion 
is included in the structural calculation. Bearing stiffness and damping coefficients 
are predicted for an air-lubricated foil bearing with a corrugated sub-foil. The effects 
of the bearing number, bearing compliance, sub-foil Coulomb friction, and foil mem-
brane stiffness on the bearing dynamic coefficients are discussed. 
I Introduction 
A foil journal bearing is an alternative design to a traditional 
plain journal bearing or a rolling element bearing. In general, 
it offers larger minimum film thickness and smaller frictional 
torque (Carpino and Peng, 1991) and better tolerance of jour-
nal/bearing misalignment (Carpino et al., 1994b), although a 
higher eccentricity ratio is required for a load capacity compara-
ble to a traditional rigid surface journal bearing. In a rotor 
dynamic analysis, it is critical to have an accurate calculation 
of the foil be£iring stiffness and damping coefficients since the 
bearings provide compliance and damping to the rotor-bearing 
system. 
In reality, the foil structure is rather complex. Various con-
figurations of foil bearings have been developed by many inves-
tigators. In addition to the elastic foundation effect, the foils 
can resist deflection by the bending stiffness as in a multileaf 
foil bearing (Oh and Rhode, 1976), or by the membrane effects 
in a flexible tape (Barnum and Elrod, 1971). In an actual design, 
the foils can resist deflection by any combination of the above 
three effects. An example is the complete shell foil bearing, 
which utilizes both the elastic foundation and membrane effects 
in the foil structure (Carpino and Peng, 1991). In this applica-
tion, the simplified bearing model does not accurately predict 
the steady state and dynamic bearing performance. In an earlier 
investigation, Heshmat et al. (1982) demonstrated experimen-
tally that Coulomb friction in the corrugated sub-foil structure 
will produce frictional damping and increased bearing stability. 
The steady state behavior of corrugated foil journal bearings 
has been theoretically investigated by Heshmat et al. (1983) 
with a simplified structural model incorporating only the elastic 
foundation effect of the corrugated sub-foil. Stiffness and fric-
tional damping in the corrugated foil sub-structure has been 
investigated by Ku and Heshmat (1992a, 1992b), and more 
recently by Heshmat et al. (1994). While these investigations 
have addressed the Coulomb friction in the foil sub-structure, 
the additional effects of the rotating journal and the associated 
lubricant film have been neglected. Bearing stiffness and damp-
ing coefficients were predicted by Peng and Carpino (1993 and 
1994). Those theoretical models, however, were based on the 
assumption that the membrane stiffness was negligible and only 
elastic foundation effects were considered in the structural 
model. An earlier effort by Carpino et al. (1994a) demonstrated 
that membrane effects were significant in the prediction of bear-
ing performance and that viscous drag on the foil has virtually 
no influence on the bearing behavior. 
In this paper, a computational approach to the prediction of 
the foil bearing rotor dynamic coefficients will be presented for 
an arbitrary bearing geometry with general fluid properties and 
a complete structural model. A finite element implementation 
of the analytical perturbation method will be used here. The 
Coulomb damping effect caused by the relative motion in the 
sub-foil structure will also be included in the calculation. The 
Reynolds equation for an isothermal perfect gas will be used 
for the pressure calculation. Although the theoretical model 
and the finite element formulations are developed for a general 
structure and fluid, results will be given for an air-lubricated 
corrugated foil bearing (see Fig. 1). Theoretical predictions of 
bearing rotor dynamic coefficients will be presented. 
II Analysis 
The finite element formulations for both the fluid and struc-
tural models of the foil bearing will be developed here. An 
analytical perturbation approach to the prediction of bearing 
dynamic coefficients was first introduced by Lund and Thomsen 
(1978) for plain journal bearings, and was successfully applied 
to the gas foil bearings by Peng and Carpino (1993 and 1994). 
The basic approach will be extended to foil bearings in this 
investigation. 
II.l Bearing Stiffness and Damping Coefficients. For a 
given journal speed, the pressure p and the bearing lubricant 
film thickness h are functions of the journal position and the 
rate of change of position. The pressure and the film thickness 
can be expanded in Taylor's series to the first order as follows: 
P = Po + Px^x + pAx + PyAy -t- p^y ( l a ) 
h ~ ho + h^x + hAx + hyAy + h^y ( lb) 
where the subscript " 0 " denotes the equilibrium position, ( );i 
represents a partial derivative with respect to the x perturbation, 
( )i is a partial derivative with respect to the x perturbation, 
and similarly for y and y. With the coordinate system shown 
in Fig. 2, the bearing stiffness and damping coefficients are 
obtained in terms of the pressure perturbations as (Peng and 
Carpino, 1993): 
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RdOdz (2b) 
where L is the bearing length and R is the journal radius. The 
integration limits in the circumferential direction, 9i and O2, are 
the fluid film region, and may be functions of z. The first index 
of K(n and Bj, (^, 77 = x or y) represents the loading direction 
and the second index represents the perturbation direction. 
II.2 Fluid Model. Referring to Fig. 3, R is a bounded 
lubricant region with the boundaries Ci and C2, where the pres-
sure and the flux are specified respectively. For low Reynolds 
number flows, the lubricant within the clearance of the bearing 
is described by the following Reynolds equation (Szeri, 1980): 
•̂'-ll̂ ^̂ f̂̂ ' + (ph) = 0 in R (3a) at 
with the following boundary conditions: 
p - p on Ci (3b) 
h' „ U ,\ ^ , , , 
rx- P^P + 1; Ph]-n = q on C2 (3c) 
12/u 2 / 
JOURNAL 
Fig. 2 The coordinate system and the sign convention of the journal 
forces 
where U is the velocity of the journal surface. For a simple 
barotropic fluid, its viscosity ji and density p are both functions 
of the fluid pressure. Similar to the film pressure and thickness, 
these fluid properties are expanded as follows: 
p = pa + p'pAx + p'pAx + p'PyAy + p'pAy (4a) 
jjb = fiQ + p'pAx + fi'piAx + p^'pyAy + p'pAy (4^) 
where ( ) ' represents the ordinary derivative (with respect to 
pressure) of these fluid properties in the equilibrium position. 
Equation sets (1) and (4) are substituted into equation set 
(3) , and collection of terms with the same coefficients leads to 
the following differential equations and boundary conditions: 
V • *5 + //^ = 0 
Pdc, = 0 




where the subscript ^ represents x,x,y,ory'. The functions "P̂  
and H^ are defined as follows: 
















•• compound nodal vector 
: nodal displacement or pressure 
vector 
• strain-displacement relations 
•• compound damping matrix 
• bearing damping coefficients; f, rj 
= X ov y 
•• nominal bearing clearance 
: equivalent viscous damping of the 
(th bump 
• nodal relative displacement vector 
• generalized stress-strain relations 
generalized forcing function 
lubricant film thickness 
elastic foundation modulus 
compound stiffness matrix 
bearing stiffness coefficients; ^, rj 
= X or y 
bearing length 
local basis function 




Pa = ambient pressure 
r = radial position of foil 
r = foil relative displacement 
R = radius of journal 
J = time variable 
U = velocity of journal surface 
u = foil deflection 
a = bearing compliance 
0 = normalized friction parame-
ter 
(j) = attitude angle 
7 = whirl frequency ratio 
AY — amplitudes of the journal ex-
citation 
Ay = journal position perturba-
tions 
Ay = journal velocity perturba-
tions 
e = bearing eccentricity ratio 
9 = circumferential coordinate 
A = bearing number 
p = fluid viscosity, or frictional coef-
ficient 
u = whirl frequency, orPoisson's ra-
tio 
p = fluid density 
$ = compound forcing vector 
u) = journal angular velocity 
Subscripts 
0 = steady state 
EN = the end of an individual bump 
p = fluid film pressure 
TOP = the top of an individual bump 
u = foil displacement 
X = perturbation x component 
y = perturbation y component 
X = perturbation x component 
y = perturbation y component 
^, 77 = general coordinates, could be x 
or y 
C, = general perturbation component, 
could be x,y, x, ory 
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^ c , 
steady-state problem is solved, the elemental property matrix 
is defined. In contrast, the distributed loading vector, /^, consists 
of the film thickness perturbations, ft^'s, which require structural 
solutions. The following section will discuss the perturbation 
solution for a foil bearing structure. 
II.3 Structural Model. The finite element formulation 
for the structure will be derived using the principle of virtual 
displacements for a deformable body. For the virtual displace-
ment vector 6u and its associated virtual strain i5e in the domain 
R, the mathematical statement of the principle is (Malvern, 
1969): 
Fig. 3 The lubricant domain R and Its boundary Ci and Ci 
I 6u^pdA 
JR 
X 6u [C,r', = <5e '•* dA L (10) 
* £ = 
Pohp 
12/̂ 0 
Vft + — PcVpo + 3 -^ Vpo + — ftVp, 
Po ho Mo 
U 
+ — (p'Pfho + pJiO (6a) 
Wj = -uHpoh^ + p'Pih), Hi = {pohi. + p'p(ha) i6b) 
where ^ represents x or y. 
The finite element formulations will be derived by means 
of the Galerkin method (Zienkiewicz and Taylor, 1989). The 
unknown function p ; and its first spatial derivatives with respect 
to the surface coordinates, written in the vector form as p^, can 
be approximated by the local basis function in the discrete 
system as: 
p^ = lipOpc^ (7) 
where a pi; is the nodal pressure vector. After being replaced by 
their equivalent integral statements and applying Green's for-
mula, equation set (5) is written in the following finite element 
form: 
f SlD,B,dAa„, = f f)l%,dA (8) 
J R JR 
where: 
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The elemental property matrix, 6, contains the steady state 
variables only, namely, po, po, Po, ho, p', p', and U. Once the 
where p is the distributed loading and a is the stress vector. 
The second term in the above equation represents the virtual 
work dissipated by the damping forces. The matrix C is the 
damping coefficient matrix of the foil-to-foundation or the foil-
to-foil interaction and will be discussed in the next section. The 
vector f is the relative displacement between the foil and the 
elastic foundation, or between adjacent foils. 
In a discrete system, the displacement vector u and the rela-
tive displacement vector r are interpolated from the nodal dis-
placement vector and the relative nodal displacement vector 
using the local basis function as follows: 
u = Nu&u, r = N^d (11) 
where a „ and d are the nodal vectors, and d can be expressed 
by a linear operator as: 
rf = U2 (12) 
where N is the number of total structural nodes, and the linear 
operator / is dependent on the foil structure. 
By introducing the differential operator L„ to the strain-dis-
placement relationship and to Hooke's law, the following equa-
tions are obtained: 
e = L„u = B„a, 
a- = D„€ = Z5„fl„a „ 
The resulting finite element formulation is: 





with the boundary conditions satisfied using a standard penalty 
approach. The matrices B„ and D„ are found in an earlier steady-
state investigation (Carpino et al., 1994a). 
The perturbation equations of the structural Eq. (14) are 
derived using a technique similar to the approach used in the 
fluid problem. The Taylor series expansions for a „, d, and p 
are substituted into Eq. (14), and collection of terms with the 
same coefficients yields the following perturbation equation: 
f BlD,AdAa„^ +C6^= f Nlp^dA (15) 
JR JR 
(9c) where: 
A = -^'di, Si = di (16) 
With the geometric relationships between the film thickness /j; 
and the foil displacements M ,̂ the pressure perturbations and 
the displacement perturbations are solved from the coupled Eqs. 
(8) and (15). The bearing stiffness and damping coefficients 
are then obtained from equation set (2) using the pressure per-
turbations, Px, Pit, Py, and Pj,. 
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BUMP i-1 BUMP i 
BEARING HOUSING 
(b) 
Fig. 4 (a) An individual bump, (b) The corrugated foil and top foil. 
II.4 Coulomb Friction. The Coulomb friction caused by 
relative motion in the foil structure must be included in the 
structural model. The energy dissipated by Coulomb damping 
in one cycle of journal position oscillation can be represented 
by an equivalent viscous damping with the damping coefficient 
equal to (Peng and Carpino, 1994): 
4w N, 
(17) 
The normal contact force, Nt, which is determined from the 
steady state solution, and the amplitude of foil relative motion, 
Ar,, will be calculated from a given journal motion. The static 
and dynamic friction coefficients are assumed to be equal and 
constant. The infinitesimal relative motion of the foil expressed 
in terms of the infinitesimal journal motion {dx, dy) and {dx, 
dy) is: 
dr = r^dx + r^idx + rydy + r^dy (18) 
The sinusoidal journal motions are: 
{dx, dy) = [AJSf cos (lyt + cf^o), AFsin (i^t + 0o)] (19a) 
(dx, dy) = [-1/AX sin (ut + 4>o)> 
PAY CO& (vt + (jio)] (19fo) 
where AX and AY are the amplitudes of the journal excitation 
in the x and y directions, and <̂o is the initial phase angle. Then 
the finite amplitude of the foil relative motion is obtained by 
the substitution of equation set (19) into Eq. (18) as: 
Ar = KrAX + lyr^Y)^ + (r,AF - vrAX)^V'^ (20) 
The equivalent viscous damping for the foil bearing with a 
corrugated foil will be found as follows. An individual bump 
is shown schematically in Fig. 4 (a ) . For the given bump geom-
etry, the relationship between the bump center displacement in 
the vertical (radial) direction and the bump end displacement 
in the horizontal (circumferential) direction is: 
Uit Ut = kv (21) 
where k is dependent on the bump geometry, frictional coeffi-
cient, and loading condition (Ku and Heshmat, 1993). A corru-
gated foil shown in Fig. 4(b) consists of a series of bumps. 
For the i'th bump, the end displacement, MEND,> and the top 
displacement, MTOP,, are, respectively: 
^END, — I^Rj ~ ZJ kjUf. (22a) 
j = i 
MTOP, 
UL + Mfl 'Z; 1 
—=——- = X (kjUr.) + - kiU,-. (22b) 
The displacement of the top of the foil, MTOP,, has been as-
sumed to be equal to the average of «/,, and Uji. in order to 
simplify the analysis. The relative displacements between the 
top foil and the bump foil, fTOp,, and between the bump foil 
and the bearing housing, ?END ,̂ are expressed in terms of the 
top foil displacement, u ,•, and the bump displacements, STOP, 
and MEND > as follows: 




The virtual work of the equivalent viscous damping [the second 
term in Eq. (10)] which is a combination of the work done by 
the relative motion of the top and the bottom of the bump is: 
Oii ; Cif I = (oUg. — O M T O P , ) C T O P , ' ' T O P , " " 0 MEND, C E N D , ' ' E N D , ( 2 4 ) 
where the first term of the right-hand side represents the friction 
between the top foil and the corrugated foil, and the second 
term represents the friction between the corrugated foil and the 
bearing housing. 
Ill Solution Approach 
The coupled perturbation problem is defined by Eqs. (8) and 
(15). The solution can be found efficiently by direct simultane-
ous solution since the equations are linear. 
For the linear Eqs. (8) and (15), it is possible to define a 
compound nodal vector A^ to include both the displacement 




Using the compound nodal vector, the four equations for Ax 
and Ax perturbations are combined into one equation as: 
KA, + S{A,}„= $ , (26a) 
The vector A^ is a combination of the foil displacements and 
the fluid pressures. The system in Eq. (26a) is analogous to a 
structural problem. The matrices K and B are the stiffness and 
damping respectively, and the combined loading is $;,. The 
other four equations for the Ay and Ay perturbations are ob-
tained similarly: 
KAy + B A,}A $ v (26^;) 
The compound stiffness, K, damping, B, and loading, fj?̂ , $,,, 
which are obtained by the comparison of equation set (26) to 
Eqs. (8) and (15), are given by Peng (1993). 
The perturbation solution process is as follows. The steady-
state problem needs to be solved first, since the stiffness matrix 
K and the loading vectors, <[\. and $,,, are dependent on the 
steady state solutions of po and ho. This is done using a modified 
forward iteration method (Carpino and Peng, 1991). As dis-
cussed earlier, the damping matrix, iS, is a function of the dis-
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placement perturbations, M^'S. Consequently, an iterative solu-
tion is required. In thejth iteration, the damping matrix is: 
B' = B'{u{~') (27) 
The displacement perturbation, « ^ , is then obtained from equa-
tion set (26) using standard Gaussian elimination. It is then 
relaxed by: 
"R{u i — u ') (28) 
where ''R is the relaxation factor. Convergence is achieved if the 
increments of M '̂S are less than the required tolerance. The 
bearing stiffness and damping coefficients are computed by 
substituting the pressure perturbations Px, Py, Pi, and Py into 
equation set (2) . 
IV Results and Discussion 
A corrugated foil bearing is used here to calculate the bearing 
dynamic coefficients. An isothermal perfect gas with constant 
viscosity is used as the lubricant in the fluid model. The perfor-
mance is dependent on many variables including the bearing 
geometry, the bearing operating conditions, and the foil struc-
ture. These variables can be reduced to a few parameters 
through normalization. The bearing geometry is represented by 
the bearing length to diameter ratio, L/D, and the nominal 
clearance ratio, c/R. The nominal bearing clearance, c, is the 
clearance between the journal and the foil when there is no fluid 
pressure being applied to the foil and the journal is centered in 
the bearing. The normalized bearing operating conditions in-
clude the eccentricity ratio, e, the whirl to rotational frequency 
ratio, y = u/io, and the bearing number, A, which defines the 
bearing speed. The results presented here are based on L/D = 
1 and e = 0.5. The bearing number ranges from 0.1 to 30. Since 
whirling of a journal is the result of rotor unbalance, y is equal 
to unity (Lund, 1968). This model uses a three dimensional 
representation of the foil structure and the journal to calculate 
the bearing film thickness. Although the normalized Reynolds 
equation depends only on the bearing number, the clearance 
ratio is required to specify the exact geometry. The clearance 
ratio, c/R was equal to 0.001 in the results presented here. 
Generally, results will not be very much different if the clear-
ance ratio is of this order. The amplitude of journal excitation, 
AX and AF, is equal to 0.1 times the nominal clearance, c. 
In the bearing structure, the foil is approximated by a thin 
and inextensible material, so the membrane stiffness approaches 
infinity while the bending stiffness is zero. The elastic founda-
tion modulus is represented by the bearing compliance, a, as 
follows: 
BEARING NUMBER, A 
Fig. 6 Membrane effects on tlie normalized bearing damping coeffi-
cients. L/D = 1.0, e = 0.5, a = 1.0, /3 = 1.0, A = 6n<or'lp,c^, Bf, = cvBfJ 
pjl", where ^,ri=x, y. 
where c is the nominal bearing clearance and p„ is the ambient 
pressure. Coulomb damping effect of the foil structure is repre-






where //AVG is the average value of the frictional coefficients of 
the foil-to-bump and bump-to-housing interactions. 
Previous investigations utilizing a simplified bearing model 
(Peng and Carpino, 1993 and 1994), which neglects the foil 
membrane stiffness, have studied the effects of bearing number, 
bearing compliance, and Coulomb friction. In general, both the 
bearing stiffness and damping coefficients increase as the bear-
ing number increases because the fluid film becomes stiffer. 
Increased bearing compliance typically reduces the magnitude 
of bearing dynamic coefficients as the elastic foundation be-
comes softer. The introduction of sub-foil Coulomb damping 
typically increases the magnitude of the bearing dynamic coef-
ficients because the friction resists foil motions. Increased 
damping coefficients compared to a rigid surface bearing are 
possible at high bearing numbers because the foil/foundation 
interaction dissipates energy while the gas film is relatively 
rigid. Similar phenomena are observed in the present investiga-
tion. 
The effects of membrane stresses in the top foil are included 
in the structural model used here to compute the bearing dy-
namic coefficients because a steady state analysis shows that 
they are significant, particularly with respect to the film thick-














1 10 100 
BEARING NUMBER, A FRICTION PARAMETER, |3 
Fig. 5 Membrane effects on the normalized bearing stiffness coeffi- Fig. 7 Effect of sub-foil friction parameter, /3, on normalized bearing 
cients. LID = 1.0, e = 0.5, a = 1.0, /3 = 1.0, A = Gfjuor'lp^', /?|, = c/f^y stiffness. LID = 1.0, a = 1.0, e = 0.5, A = 1.0, /} = C/«AVG/AX, K J , = cKf^ 
p,R', where | , i) = x, y. P,R', where ^, r; = x, y. 
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.1 1 
FRICTION PARAMETER, P 
Fig. 8 Effect of sub-foil friction parameter, p, on normalized bearing 
damping. L/D = 1.0, a = 1.0, c = 0.5, A = 1.0, fi = c/itAvo/AX, fi{, = 
cvBf^pJi^, wlnere f, i j = x, y. 
and the cross-coupled components of the bearing stiffness and 
damping are shown in Figs. 5 and 6. The solid curves represent 
the results with membrane effects included in the calculation 
and the dotted curves without the membrane effects. The Cou-
lomb friction damping is included in the calculation. Results 
show that the membrane stiffness affects the foil bearing stiff-
ness and damping coefficients. Membrane effects in the top foil 
reduce the bump deflections and therefore increase the direct 
bearing stiffnesses, K^ and Kyy, at larger bearing numbers. The 
membrane stiffness also affects the relative foil displacements 
and the dissipation of energy through Coulomb friction account-
ing for differences in the damping. These effects are limited at 
low bearing numbers, and become more important as the bear-
ing number increases. 
The components of the bearing stiffness and damping are 
shown versus bearing friction in Figs. 7 and 8, respectively. The 
fi^y term is negative at higher speeds, i.e., the journal velocity in 
the y direction always supplies energy, rather than dissipating 
energy, to the motion in the x (loading) direction. A similar 
effect has been reported before by Rieger (1966). The other 
three components are positive, so they dissipate energy from 
the system. Coulomb friction resists the foil deflection, so higher 
values of /3 yield larger bearing stiffnesses. Similarly, greater 
bearing damping is achieved since energy is dissipated by the 
Coulomb friction in the foil structure as well as the gas film. 
However, asymptotic values will be reached for both the nor-
malized bearing stiffness and the normalized bearing damping. 
As the friction coefficient increases, less sliding motion in the 
foil structure is required to dissipate the same energy. 
The results presented here were computed using a symmetric 
half of the bearing as measured in the axial direction. In the 
computational mesh, two elements in the axial direction and 
sixteen elements in the circumferential direction are employed 
in this half bearing model. Accuracy has been checked by dou-
bling the grids in each direction, and errors are within one 
percent. 
V Conclusion 
A finite element approach to the prediction of foil bearing 
dynamic coefficients was developed in the present investigation. 
A simple barotropic fluid was used in the fluid model, and 
the fluid behavior was described by the Reynolds equation. A 
perturbation technique was then applied to the Reynolds equa-
tion to obtain the equations for the pressure perturbations, which 
lead to the bearing stiffness and damping coefficients. The finite 
element formulations for the fluid were derived following the 
Galerkin method while the formulations for the foil structure 
were obtained directly from the principle of virtual displace-
ments. 
Stiffness and damping coefficients for an air-lubricated corru-
gated foil bearing were predicted in the paper. Both membrane 
and elastic foundation effects were included in the foil structural 
model. Results show that the existence of the foil membrane 
stiffness affects the bearing dynamic coefficients. For elastically 
supported foil bearings, the simplified model, which neglects 
membrane effects, gives a fair approximation compared with 
the new results presented here (Peng and Carpino, 1993 and 
1994). The finite element approach presented here includes a 
complete structural model, enabling more accurate prediction 
of bearing dynamic coefficients for a broad range of bearing 
configurations. 
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